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Abstract 



It has been shown that the primary, old-fashioned idea of Sakharov's 
induced gravity and gauge interactions, in the "one-loop dominance" 
version, works astonishingly well yielding phenomenologically reasonable 
results. As a byproduct, the issue of the role of the UV cutoff in the con- 
text of the induced gravity has been reexamined (an idea of self-cutoff 
induced gravity). As an additional check, the black hole entropy has 
been used in the place of the action. Finally, it has been explicitly shown 
that the induced coupling constants of gauge interactions of the standard 
model assume qualitatively realistic values. 
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1 Introduction 



The idea that fundamental interactions might be not so fundamental as they appear, 
but induced by quantum fluctuations of the vacuum emerges from the fifties of the 20th 
century. In 1967 Sakharov published his famous short paper on induced gravity [JJ, and in 
the same year Zel'dovich presented a parallel result concerning electrodynamics [2J. The 
both authors have made use of some earlier observations coming from papers (cited by 
them) by Landau and his collaborators. In fact, the induced gauge theory was initiated 
four years earlier in [3], and next followed by many people (see, e.g. jl]). It was applied to 
the standard model in [S] , whereas field theoretical realizations and calculations concerning 
induced gravity were given in [6j,[7j. A logarithmic relation between the gauge coupling 
constants and the Newton gravitational constant has been noticed in [8] (this relation has 
been derived in [9] using another requirement). Some further, related aspects have been 
elaborated in [TU],[TT]. It seems that successful application of the idea of quantum vacuum 
induced interactions to the two fundamental interactions subsequently renewed interest in 
this subject. Actually, at present, the very idea lacks a clear theoretical interpretation. It 
can be treated either as an interesting curiosity or as an unexplained deeper phenomenon. 
Anyway, coincidences are striking. Our point of view is purely pragmatical, i.e. we claim 
that the idea of quantum induced interactions does work. 

The aim of our paper is to show that the idea of induced gauge interactions (including 
gravity and, possibly, dark energy) in its primary, old-fashioned, Sakharov's version yields 
phenomenologically very realistic results. The phrase "primary, old-fashioned, Sakharov's 
version" means "one-loop dominance" interpretation in the terminology of a review pa- 
per on Sakharov's induced gravity [12]. This standpoint assumes that at the beginning 
there are no classical terms for gauge fields and gravity. There are only (fundamental) 
matter fields present in the classical action, and they are coupled to external gauge fields 
and gravity. (The superior role of the matter fields awaits an explanation in this frame- 
work.) Interestingly, and it was primary inspiration, it appears that low-order one- loop 
calculations yield proper classical terms for gauge and gravitational fields. Just only this 
fact, akin to renormalizability, is by no means surprising. But what is really surprising 
is that not only appropriate functional terms emerge from these one-loop matter field 
calculations but phenomenologically realistic numeric coefficients as well. 

As far as a conceptual side of the idea is concerned, in the case of gravity, we have 
also proposed an alternative point of view. Actually, there is some logical gap in the 
standard approach which consists in imposing the Planck cutoff to derive the strength of 
gravitational interactions which subsequently yields the Planck cutoff itself. Namely, we 
propose to shift the focus to analyzing the role of relation between the "Schwarzschild" 
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radius and the mass, leaving the Newton gravitational constant undetermined (self-cutoff 
induced gravity). We have also suggested to use the entropy instead of the action as an 
independent check of the whole procedure. Finally, we have explicitly estimated coupling 
constants of fundamental interactions, which appear to assume realistic values. In our pa- 
per, gravity (possibly, including dark energy) and gauge interactions are treated uniformly, 
i.e. the both kinds of interactions are analysed parallelly and the both kinds of interactions 
are approached in the framework of the same and very convenient method: Schwinger's 
proper time and the Seeley-DeWitt heat-kernel expansion. One should mention that the 
natural idea of using the heat-kernel expansion (in the euclidean version) to get the grav- 
itational induced action was introduced in [T3], whereas temperature dependence of the 
induced coupling constants, and its potential impact on black hole evaporation, has been 
investigated in p3j. Finally an extension including torsion has been given in [T5] . 



2 Heat-kernel method 

According to the idea of quantum vacuum induced interactions, dynamics of gravity 
(possibly, including also dark energy) and gauge interactions emerges from dominant con- 
tributions to the one-loop effective action of non-self-interacting matter fields coupled 
to these interactions. In the framework of the Schwinger proper-time method, the ex- 
pected terms for "cosmological constant" (dark energy), gravity and gauge interactions 
can be extracted from the Oth, 1st and 2nd coefficient of the Seeley-DeWitt heat-kernel 
expansion, respectively. In minkowskian signature |16j.[T7] 

/ds 
— Tr e~ lsV , (1) 

where T> is an appropriate second-order differential operator, and k depends on the kind 
of the "matter" field (its statistics, in principle). E.g. for a scalar mode, k — |. Making 
use of the Seeley-DeWitt heat-kernel expansion in four dimensions, 

lbir 2 [is) 

where A n is the nth Seeley-DeWitt coefficient, and next imposing appropriate cutoffs, 
i.e. an UV cutoff e for A , A\ and A 2 , and an IR cutoff A for A 2 , we obtain 

S eS = (l A ° £ ~ 2 + A ^ X + ^ log - + • • • Y (3) 
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Collecting contributions from various modes, we get the following lagrangian densities: 

£o = ^- 2 (N -2N l2 +2 Nl ), (4) 



C^-^s-^No + Ni-^R, (5) 

and 

£ 2 = ^log^(iV + 4iV,)trF 2 (6) 
(see, Table 2 in Appendix for the origin of the numeric coefficients), where: 
N Q = number of minimal scalar degrees of freedom (dof), 

Ni = number of two-component fermion fields = half the number of fermion dof, (7) 

Ni = number of gauge fields = half the number of gauge dof. 

The lagrangian densities Cq, C\ and £ 2 correspond to the terms A , Ai and A 2 in ©, and 
yield the cosmological constant, Einstein's gravity and gauge interactions, respectively. 
(Here R is the scalar curvature, and F is the strength of a gauge field, see, the definition 
flA.lj) .) Higher-order terms are in principle present (even in classical case), but they are 
harmless in typical situations because of small values of the coefficients following from the 
cutoffs. An exception appears and is discussed in Sect. 3.2. 

The infamous cosmological constant directly follows from Eq. (jlj) but it is unacceptable 
in this form because its value is too huge |T8], i.e. it is at least 10 120 times greater than 
expected. Therefore, A could, in principle, spoil the idea of induced interactions but it is 
not necessarily so. It appears [19] that it is, in principle, possible to tame the expression 
(BJ, so preserving the concept of induced interactions consistent. 

In the following sections we will consider induced gravity and standard model gauge 
interactions. 



3 Induced gravity 
3.1 Standard approach 

Assuming the commonly being used, standard, planckian value of the UV cutoff, e = G 
(= the Newton gravitational constant), we directly obtain from ([5]) 

A = (n q + Ni- AN,) j^R. (8) 

127T V 2 / 16irG 



4 



Intuitively, the (quantum) planckian cutoff can be explained as following from a clas- 
sical gravitational cutoff imposed by the black hole horizon. Namely, the description of 
matter in terms of particles, or even the notion of particles itself, is not valid for particles 
of enormous, i.e. planckian, masses because of the mechanism of black-hole formation 
(see, Fig. 1). We shall return to this thread in the next subsection. 

The result (JSJ) has been already explicitly presented in [20] (there is a misprint in the 
coefficient in front of Aq of his final formula (4.2)). It has been also rederived in the 
framework of the heat-kernel method, in the context of supersymmetry, in [21j. Finally, 
Eq. (J8]) can also be easily recovered from the data given in [12]. The aim of the former 
two papers was to investigate the influence of gauge fields on the sign of L\. Obviously, 
the gauge fields tend to change the sign of L\. Instead, our aim, in this subsection, is 
to emphasize that Eq. (jSJ) directly yields a realistic value of the Newton gravitational 
constant, provided the planckian UV cutoff is given. Namely, putting, e.g., Nq = 0, 
Ni = 45 and Aq = in (JSJ) we get in front of the standard Hilbert-Einstein action « 
1.19 = 0(1), which is an impressive coincidence. Taking into account an approximate 
character of the derivation such a high precision is absolutely unnecessary and seems to 
be rather accidental. Therefore, assuming non-zero Nq and Aq, e.g. No = A and N% = 12, 
yields ^- ~ 0.03, and it is perhaps less impressive but phenomenologically acceptable 
as well. The proposed value of Ni corresponds to 3 x (3 + 3 x 4) =45 fermion two- 
component field species contained in the standard model (3 families of leptons and quarks 
in 3 colors). In the second example, we admit the existence of the Higgs scalar, Nq = 4, 
and the contribution of Aq = 1 + 3 + 8 = 12 gauge fields. Since the gauge fields themselves 
are also induced entities, their contribution to the count is disputable. The existence of 
the Higgs particle itself is disputable as well. 

3.2 Alternative (cutoff independent or self-cutoff) approach 

Strictly speaking, the whole approach presented in the previous subsection, and being 
in accordance with a standard, commonly accepted point of view, is not quite logically 
consistent. The lack of the full logical consistency is a consequence of the fact that the 
assumed planckian value of the UV cutoff, in principle, follows from the value of the 
(effective) Newton gravitational constant that is just being induced. In other words, a 
consistent reasoning should be independent of any explicit value of the UV cutoff. Of 
course, it is impossible to derive the (numeric) value of G or, equivalently, of the UV 
cutoff in such a framework, but nevertheless some physically non-trivial conclusions can 
be drawn. 
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First of all, we should somehow explain the appearance of the Planck scale in physics. 
Apparently, there are the two main points of view in this respect. The first point of view, 
due to Planck himself, appeals to a possibility to construct an appropriate dimensionfull 
quantity out of several fundamental physical constants. It is theory independent and 
natural for simple dimensional grounds, but it lacks a firm physical support. Besides, 
that approach is not able to yield any purely numeric coefficient. The second approach 
instead tries to derive the Planck scale using some physical, theory grounded arguments. 
That approach dates back to the papers [23] , [21] , [25] , and conforms to our point of view. 
Roughly, the idea, one could call self-cutoff induced gravity, consists in identification of the 
Schwarzschild diameter and the Compton wavelength. Naively, the reasoning according 
to these guidelines could look like follows. Literally repeating the derivation of (jSJ), but 
this time with an unpredefined UV cutoff M (in mass units), we get 

M 2 N n 

d = R, 9 

16tt 12tt w 

where N is the "effective number" of particle species, e.g. N = Nq + N± — 4Ni (see 
(IS])). Obviously, the Schwarzschild solution of the Einstein equation following from ([9]) is 
independent of the coefficients in and it assumes the well-known form 

rfs 2 = (l - ^) dt 2 - (l - -) 1 dr 2 - r 2 dQ 2 , (10) 

where \x is an as yet undefined parameter. The (standard) linearized and well-known 
version of the Einstein equation for the metric (TTTJT) (Newtonian limit) with a point- 
like source representing a particle of the highest admissible mass M (UV cutoff) with 
coefficients of Eq. (jUJ) reads 

M 2 N 1 A ( 2p\ 1 3 



A — - = -M8%r), (11) 
16tt 12tt 2 V r / 2 

where A is the three-dimensional laplacian, and 5 3 (r) is the Dirac delta. From ( TlTi) . it 
follows that 

MNfi = 24tt. (12) 

On the other hand, the value of the Compton wavelength for the particle of the mass M 
is 

A - 2?r 
_ M' 

Equating A c and the Schwarzschild diameter 

2r s = 2fi, (13) 
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Fig. 1: Qualitative picture of the emergence of the Planck scale. The left 
localization area corresponds to the regime of standard particle-field theory 
formalism, whereas the right one is outside the scope of this formalism. 



we obtain from (jT2"j) the final (dimensionless) result: 

N = 24. (14) 

Typically r s << A c and therefore no gravity concepts enter quantum theory discussion. 
But when the mass M grows, r s grows linearly, whereas A c decreases. When the both 
values become comparable the particle can be intuitively considered as trapped in its own 
black hole (Fig. 1). 

We would like to emphasize that the constraint (I14p which is qualitatively fully consis- 
tent with our earlier ones (derived in Sect. 3.1) is derived owing to the self-cutoff assump- 
tion but not in general induced gravity. In this place, we could hastily conclude that the 
focus is now shifted to analyzing the role of the "effective number" of degrees of freedom of 
matter fields (see Eq. (JTI]) ). Unfortunately, such a conclusion would be not quite correct 
because there is a problem with higher-order Seeley-DeWitt coefficients. They are harm- 
less for small Riemann curvature R, but when the Riemann curvature R is of the order 
of M 2 , an infinite tower of (R/M 2 ) n corrections to the Einstein term appears (R denotes 
here not only the scalar curvature but symbolically all kinds of curvature terms of the 
corresponding dimension). This could, in principle, invalidate the whole argumentation 
yielding the result (114p . Therefore, we claim that the proper conclusion to be drawn in the 
end of this Section is as follows. The derivation is consistent, and the phenomenologically 
reasonable result iV « 24 is obtained provided the formula for the Schwarzschild radius 
( JTBl is stable against the influences of the infinite tower of higher-curvature corrections. 

Strictly speaking, we should expect some form of a generalization of the Schwarzschild 
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solution and of the Schwarzschild radius. The well-known linear relation between the ra- 
dius of the event horizon and the mass f)13p follows from the form of the Schwarzschild so- 
lution of the Einstein equation according to the argumentation presented between Eq. ([9]) 
and Eq. (llljl . It is true for \Rh\ << M 2 (the curvature R at the event horizon H is much 
less than the UV cutoff), otherwise the Hilbert-Einstein action is modified by higher-order 
terms in R, and the classical result could be invalidated. But it appears that phenomeno- 
logically the "effective number" of particle species N qualitatively conforms to ( 1131) . This 
result confirms that the derivation is somehow insensitive to terms of higher-order in R. 
Such a kind of the result could be of interest in application to mini black holes where, in 
principle, one should not discard higher-order terms. 



3.3 Entropy 

In this subsection, we would like to draw reader's attention to an independent argument 
in favour of the idea of induced gravity. Namely, we will show that not only the action 
but also the entropy sums up appropriately, i.e. gravitational entropy of a black hole can 
be recovered from entropies of "fundamental" fields. In other words, what applies to the 
actions remains in force in the case of the entropies. A slight complication follows from 
the fact that the notion of the entropy is not quite unique. In principle, in the context of 
gravity usually two notions of the entropy appear: so-called, "geometrical entropy" and 
"thermodynamical entropy" . Since the derivation of the geometrical entropy [26J uses the 
heat-kernel method, the result for the entropy is analogous to the previous one for the 
action. Namely, in close analogy to Eq. ([8]) we have 



where S g denotes the geometrical entropy and No, Ni, Ni are defined in (13). Here, the 
black hole entropy 



where A is the area of the black hole horizon. Actually, we reproduce the same bound as 
that given in (TH1) . provided the expected value of S g = Sa- 

It appears that the approach making use of the thermodynamical entropy yields a 
slightly other result. Now, we have [27] 




(15) 




(16) 



Sb 




(17) 
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and 

S F = — ■ —S A , (18) 
16 90tt ' v ; 

for a bosonic and a fermionic degree of freedom, respectively. Therefore, the final formula 
reads 

S ' = <L{ N ° + T 6 N ') S *' (19 > 

where Ng and Np is the number of bosonic and fermionic degrees of freedom, respectively. 
In terms of N , Ni, Ni we could rewrite ffTDl as (see, Table 2 and further formulas in 
Appendix) 

S t = ^- (n + lm + 2Nj) S A . (20) 



90vr V 8 2 

Evidently, the formula (I20p differs from (I15p but nevertheless qualitatively the result is 
essentially the same as earlier for the considered combinations of field species. 

In the end of this subsection, we would like to stress that the presented observations 
are not new, only the point of view is changed. From traditional point of view, the most 
natural way to explain the origin of the black hole entropy is to treat it as "entanglement 
entropy" for constituent fields [28] . Accordingly, Eq. (115j) is interpreted as a derivation of 
S g . From our point of view the, so-called, "species problem", signaled in [28], does not 
exist. 



4 Induced gauge interactions 

In this section, we will concentrate on the possibility of quantum generation of gauge 
interactions in the context of the standard model. From technical point of view, we will 
be interested in the second Seeley-DeWitt coefficients for appropriate matter fields. The 
corresponding term has been already given in but now we would like to adapt it to 
the context of the standard model. Adopting the matter contents of the lagrangian of the 
standard model we display all contributions to the respective gauge parts in Table 1. 
Here the assumed implicit convention for the operator of covariant derivative is 

D^ = d^ + X-A^ (21) 

— # — # 

where X is the "coupling matrix" given in the third row of Table 1. More precisely, X 
is a tensor product with two matrix units corresponding to the other two gauge groups, 



9 



gauge group 


U(l) 


SU(2) 


SU(3) 


coupling constant 






/ 


"coupling matrix" 


i*v 






conventions 


y — hypercharge 


tr(T Q r 6 ) = 2<5 ab , a, 6 = 1,2 


tr(A l A- 7 ') = 25^, i,j = 1,2,3 


FERMIONS (one family) a 2 = -ftrF 2 


numeric formula 


-H-I)^V 2 = ^V 2 


-I. 2 (-1)^ = 1^ 


"|-2(-i)/ 2 = |/ 2 


LEPTONS 


left, Y = -1 




1 2 





right, Y = -2 


i • (- 2 )y 2 = y 2 








QUARKS 


left, Y = 1 


^■2-3(|)V 2 = ^' 2 


1 • 3 5 2 = | 5 2 


|-2/ 2 = |/ 2 


right, y = | 


^■3(!) 2 5 ' 2 = | 5 ' 2 







right, y = -§ 


i. 3 (-§)V 2 = i fl ' 2 







BOSONS a 2 = -istrF 2 


Higgs, y = 1 


_J_ . 2 f-M ' 2 - ^-o' 2 


-i.2(-i)^ = i fl 2 






Table 1 : Contributions to induced gauge field coupling constants coming from 
various "matter field" species in the framework of the standard model. 



yielding additional coefficients, 2 or 3. In principle, the coefficients given in each column 
and multiplied by 

1 M 

log—, (22) 



16n 2 m 

where M and m is an UV and an IR cutoff, respectively, in mass units, should sum up to 
|, a standard normalization term in front of F 2 . More generally, we have the following 
theoretical bound: 

gi 2 \- , M n l 



16tt 2 ^ w " ° m„ 4 

where & (i = 1, 2, 3) is one of the three coupling constants, a^ n are corresponding numeric 
coefficients from Table 1, and the sum concerns all matter fields. We can confidently set 
M n = Mp (Planck mass), but the choice of m n is less obvious. Fortunately, the logarithm 
is not very sensitive to a change of the argument. 

Now, the data given in Table 1 can be used to reproduce a number of phenomenolog- 
ically realistic results. Assuming for simplicity (or as an approximation) fixed values of 
M n and m n for all species of matter particles, we can uniquely rederive following [29J the 
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Weinberg angle 8 W , 

sin 2 6 W = J „ ss 0.38 . (24) 
9 2 + 9 

Unfortunately, estimation of the coupling constants requires definite values of infrared 
cutoffs m n . Anyway, for m n of the order of the mass of lighter particles of the standard 
model we obtain 

e 2 q 2 sin 2 W M , . . 

<* = T, = = o(0 - 01) ' (25) 

and 

9 = f = 0(1), (26) 

which is phenomeno logically a very realistic estimate. 

Alternatively, the bound (j!4p can give some, for example, (non-unique) limitations on 
the ratio of the two scales M and m, provided the scale of interactions g = f = 0(1) is 
assumed. 



5 Final remarks 

In this paper, we have presented a number of arguments supporting the idea of the old- 
fashioned "one-loop dominance" version of induced gravity and gauge interactions in the 
spirit of Sakharov. All coupling constants of fundamental gauge interactions, including 
gravity, have been shown to assume phenomenologically realistic values, provided the 
planckian value of the UV cutoff is given. Besides the action, also the black hole entropy 
has been shown to fit this picture. As another, UV cutoff free interpretation of the 
consistency of induced gravity, an estimate of the generalized Schwarzschild radius has 
been proposed in the framework of an idea of self-cutoff induced gravity. 

It seems that the brane induced gravity could be probed with the approach presented. 
For example, in five dimensions, at least formally, we would have got M* 3 instead of M 2 
in front of the five- dimensional version of Eq. ([9]). In this case some difficulty could follow 
from the fact that the matter fields gravity is supposed to be induced from do not live in 
higher dimensions. But this subject is outside the scope of our paper. 
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Appendix 

Seeley— DeWitt and entropy coefficients 

For reader's convenience we present below (in Table 2) the Seeley-DeWitt ("Hamidew") 
coefficients and the entropy coefficients used (except k 2 for a massless vector) in the main 
text. In the terminology of Misner, Thorn and Wheeler our sign convention corresponds 

to the Landau-Lifshitz timelike one, i.e. the metric signature is (H ) and = 

d^r^ — ■ ■ ■ . Our conventions concerning gauge fields are as follows: 

F\w = dfj,A v — duA^ + [Afi, A u ] . 



particle 


Seeley-DeWitt coefficients 


entropy 
coefficient / 


k Q 


kx 




minimal scalar 


1 


1 Id 




i m 


Weyl spinor 


2 


-I m 


-1 HZ! 


I m 


massless vector 


2 


-1 m 


-i I30j 


2 pTj 



Table 2: Seeley-DeWitt coefficients and entropy coefficients. In brackets, 
we have given the references where the coefficients can be found explicitly or 
almost explicitly (i.e. after few-minute calculations). 
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We have assumed the following notation: 

a (x) = k , 

ai ( x ) = -k x R, (A.2) 
&2{x) = k2tiF 2 + "curvature terms", 

and 

Interested reader can find k' 2 in [16], [12] or |30j . 
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